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Abstract-h this paper, we use a generalized Fourier series to approximate the solution of a 
boundary value problem describing the torsion of an elliptic micropolar beam. We provide an example 
demonstrating the effect of material microstructure. @ 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
The theory of micropolar elasticity [l] was developed to account for discrepancies between the 
classical theory and experiments when the effects of material microstructure were known to 
significantly affect the body’s overall deformation. The problem of torsion of micropolar elastic 
beams has been considered in [2,3]. However, the results in [2] are confined to the simple case 
of a beam with circular cross-section while the analysis in [3] overlooks certain differentiability 
requirements required to establish the rigorous solution of the problem (see, for example, [4]). 
In neither case is there any attempt to quantify the influence of material microstructure on the 
beam’s deformation. 
The treatment of the torsion problem in micropolar elasticity requires the rigorous analysis 
of a Neumann-type boundary value problem in which the governing equations are a set of three 
second-order coupled partial-differential equations for three unknown antiplane displacement and 
microrotation fields. This is in contrast to the relatively simple torsion problem arising in classical 
linear elasticity in which a single antiplane displacement is found from the solution of a Neumann 
problem for Laplace’s equation [5]. This means that in the case of a micropolar beam with 
noncircular cross-section it is extremely difficult (if not impossible) to find a closed-form analytical 
solution to the torsion problem. 
In this paper, we use a simple, yet effective, numerical scheme based on an extension of 
Kupradze’s method of generalized Fourier series [6] to approximate the solution of the prob- 
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lem of torsion of an elliptical micropolar beam. Our numerical results demonstrate that the 
material microstructure does indeed have a significant effect on the torsional function and the 
subsequent warping of a typical cross-section. 
2. TORSION OF MICROPOLAR BEAMS 
Let V be a domain in lR3 occupied by a homogeneous and isotropic linearly elastic micropolar 
material with elastic constants X, p, CY, /3, y, and K whose boundary is denoted by W. The 
deformation of a micropolar elastic solid can be characterized by a displacement field of the form 
U(x) = (%(~),W(Z),U3(~)) T and a microrotation field of the form (a(x) = (cpi(x), cpz(x), (ps(~))~ 
where x = (~1, z~,Q) is a generic point in lR3 and a superscript T indicates matrix transposition. 
We consider an isotropic, homogeneous, cylindrical micropolar beam bounded by plane ends per- 
pendicular to the generators. A typical cross-section S is assumed to be a simply connected region 
bounded by a closed C2-curve dS with outward unit normal n = (nr, nz). Taking into account 
the basic relations describing the deformations of a homogeneous and isotropic, linearly elastic 
micropolar solid [7], we can formulate the problem of torsion of a cylindrical micropolar beam 
(see, for example, [2,3]) as an interior Neumann problem of antiplane micropolar elasticity [8]. 
Find u E C2 (S) n CL (S U X) satisfying 
L(ax)u(x) = 0, x E s, (1) 
such that 
T(axMx) = f(x), x E as. (2) 
Here, L(ax) is the (3 x 3)-matrix partial-differential operator corresponding to the governing 
equations of torsion of a micropolar beam [3], 'U x1,x2) ( = ((Pl(xl,x2),(P2(x1,22),~3(21,22))T, 
T(dx) is the boundary stress operator [3] and f = (yni, ynr, . . . , p(xznr - xinz))‘. 
In [8], the boundary integral equation method is used to prove existence and uniqueness results 
in the appropriate function spaces for the boundary value problems (1) and (2). As part of this 
analysis, it is shown that the solutions of (1) and (2) can be expressed in the form of an integral 
potential. 
3. GENERALIZED FOURIER SERIES 
Let as, be a simple closed Liapunov curve such that aS lies strictly inside the domain S, en- 
closed by as,, and let {&) E a&, Ic = 1,2,. . . } be a countable set of points densely distributed 
on a&. We set S; = R”\S* and denote by Dci) the columns of the fundamental matrix D [8] 
and by Fci) the columns of matrix F which form the basis of the set of rigid displacements and 
microrotations associated with (1) and (2), that is, 0 0 0 
F= 0 0 0 . [ 1 (3) 0 0 1 
The following result is fundamental to the numerical scheme used to approximate the solution of 
the micropolar torsion problem. Its proof proceeds as in [6]. 
THEOREM 1. Theset 
{ 
J’(i) /$j”) , i,j=1,2,3, Ic=1,2 ,... , 
> 
where the Fci) are the columns of matrix (3) and 
(4 
@j”)(x) = T(dz)D(j) (x, dk)) , 
is linearly independent on dS and fundamental in L2 (as). 
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If we now introduce the new sequence {~(71)}~C1 obtained from (4) by means of a Gram-Schmidt 
orthonormalization process, and use the integral representation formula for the solution of a 
boundary value problem (Somigliana formula) [8], th en, as in [9], we can derive the approximate 
solution for the torsion problem in the form of generalized Fourier series 
U’“‘(x) = &j?(3) - 2 a- s,, PC,, Y)v(~)(Y) US + G(x), x E S. (5) 
T-=1 
Here, the first term on the right-hand side is a rigid displacement independent of 72, the Fourier 
coefficients qr are computed by means of the procedure discussed in [6,9], P(x, y) is a matrix of 
singular solutions [8] and G(z) is given by 
G(x) = 
J D(X> Y)f(Y) WY), 
x E 1w2\as. 
dS 
Since 43 cannot be determined in terms of the boundary data of the problem we can conclude 
that the solution is unique up to an arbitrary rigid displacement/microrotation which is consistent 
with the results obtained in [8]. 
This numerical method is extremely attractive in that it inherits all the advantages of the 
boundary integral equation method and, as in the following example, can be shown to produce 
accurate, fast-converging, and effective results. 
4. EXAMPLE: TORSION OF AN ELLIPTIC BEAM 
First, to verify the numerical method, it is a relatively simple matter to show that for the 
problem of a circular micropolar beam, the numerical scheme produces results which converge 
rapidly to the exact solution established in [2] (that the cross-section does not warp, i.e., that 
the material microstructure is insignificant in the torsion of a circular micropolar bar). Of more 
interest however is the case of an elliptical micropolar bar [5] which, to the authors’ knowledge, 
remains absent from the literature. 
As an example, consider the torsion of a micropolar beam of elliptical cross-section in which 
the elastic constants take the following values: cx = 3, p = 6, y = 2, /c = 1, p = 1. The 
domain S is bounded by the ellipse 
21 = cost, x2 = 1.5 sint. 
As an auxiliary contour X?, we take a confocal ellipse 
xi = l.lcost,. . ,x2 = 1.6sint. 
Using the Gauss quadrature formula with 16 ordinates to evaluate the integrals over dS and 
following the computational procedure discussed in [6,9], the approximate solution (5) is found 
to converge to eight decimal place accuracy for n = 62 terms of the series. Numerical values 
are presented below for representative points (O,O), (0.25,0.25), (0.25,0.5), (0.5,0.75) inside the 
elliptical cross-section. 
Note, that if we compare the values of the out-of-plane displacement or torsional function 113, 
with those obtained in the case of a classical elastic elliptic beam (these are 0, 0.02403812, 
0.09615251, 0.14422874 at the same points-based on the exact solution for the warping func- 
tion [5]), we conclude that there is up to a 15 percent difference at certain points. (In addition 
to the results presented in Table 1, we also considered several other points lying within the 
boundaries of the ellipse and arrived at a similar conclusion.) 
Table 1. Approximate solution of micropolar beam with elliptic cross-section with 
n=62in (5). 
Point in Cross-Section (07 0) 1 (0.25,0.25) 1 (0.5,0.5) 1 (0.5,0.75) 
Microrotation about %I-axis cpr ( 0.74431942 1 1.17355112 1 1.24343810 1 1.82784247 
Microrotation about zz-axis cpz 0.48152259 0.97222035 1.11246544 1.36181203 
Antiplane Displacement 743 0.00006160 0.02139392 0.08461420 0.12380739 
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In contrast to the case of a circular micropolar beam for which the cross-section remains flat [2] 
(as in the classical case [5]), th ere is a significant difference in the torsional function for an elliptic 
beam made of micropolar material when compared to the same beam in which the microstructure 
is ignored (i.e., the classical case [5]). 
This method used here is easily extended, with only minor changes in detail, to the analysis 
of torsion of micropolar beams of any (smooth) cross-section where we again expect a significant 
contribution from the material microstructure. 
REFERENCES 
1. A.C. Eringen, Linear theory of micropolar elasticity, J. Math. Mech. 15, 909-923, (1966). 
2. A.C. Smith, Torsion and vibrations of cylinders of a micro-polar elastic solid, In Recent Advances in Engi- 
neering Science, Volume 5, (Edited by A.C. Eringen), pp. 129-137, (1970). 
3. D. Iesan, Torsion of micropolar elastic beams, ht. J. Engng. Sci. 9, 1047-1060, (1971). 
4. P. Schiavone, On existence theorems in the theory of extensional motions of thin micropolar plates, ht. J. 
Engng. Sci. 27, 1129-1133, (1989). 
5. S. Timoshenko and J. Goodier, Theory of Elasticity, McGraw-Hill, New York, (1970). 
6. V.D. Kupradze et al., Three-Dimensional Problems of the Mathematical Theory of Elasticity and Thermoe- 
lasticity, North-Holland, Amsterdam, (1979). 
7. W. Nowacki, Theory of Asymmetric Elasticity, Polish Scientific Publishers, Warszawa, (1986). 
8. S. Potapenko, P. Schiavone and A. Mioduchowski, Antiplane shear deformations in a linear theory of elasticity 
with microstructure, 2. Anger. Math. Phys. (to appear). 
9. C. Constanda, A Mathematical Analysis of Bending of Plates with Transverse Shear Deformation, Longman 
Scientific & Technical, Harlow, (1990). 
